Abstract. A criterion for a spacelike hypersurface in a conformally stationary spacetime to be a Cauchy hypersurface is given. The criterion is based on the forward and the backward completeness of a non-reversible Finsler metric associated to the hypersurface.
Introduction and the main result
In this note we give a criterion (Theorem 1.4) for a smooth spacelike hypersurface in a conformally stationary spacetime to be a Cauchy hypersurface. It is based on the assumptions that the conformal Killing vector field is complete, its flow lines cross the hypersurface exactly once and the asymmetric distance function of a nonreversible Finsler metric associated to the hypersurface is backward and forward complete.
We recall that a Cauchy hypersurface in a spacetime (M, g) is a C 0 embedded submanifold S of M such that any inextendible causal curve meets it exactly once. Thus if a Cauchy hypersurface exists then "the entire future and past of the universe can be predicted (or retrodicted) from conditions at the instant of time represented by S", [11, p. 202] . It is well known that a spacetime admits a Cauchy hypersurface if and only if it is globally hyperbolic [4, pp. 211-212] .
We will refer to [2] for the needed background about spacetimes (Lorentzian manifolds) and causality theory.
A spacetime (M, g) is said conformally stationary if endowed with a timelike conformal Killing vector field K, i. e. g[K, K] < 0 and L K g = λg, where λ is a function on M and L K is the Lie derivative relative to K. We will say that the conformally stationary spacetime has complete flow when at least one of the timelike conformal Killing vector fields is complete. In this situation we will assume that we have fixed such a conformal Killing vector field K and we will say that a smooth hypersurface of the conformally spacetime is a section whenever it meets exactly once every integral curve of the conformal Killing field. Moreover, we will always choose the orientation given by K. Proposition 1.1. Let (M, g) be a conformally stationary spacetime with complete flow and S a spacelike section of (M, g). Let f : S × R → M the map defined as f (x, t) = φ t (x), where φ is the flow of the vector field K. Then f is a diffeomorphism and the pull-back of the metric g by f is conformal to the metriĉ
where t is the coordinate in R, x ∈ S, g 0 is the Riemannian metric on S induced by
The fact that f is a diffeomorphism comes easily from the hypothesis of S to be a section. The conformal Killing vector field K for the metric g becomes a Killing vector field for the conformal Lorentzian metric
. The vector field ∂ t is mapped to K by the differential of f . Letg be the pull-back of the metric g by f . Hence for all X, Y ∈ X(S × R) we have
that is, ∂ t is a conformal Killing vector field forg. Therefore it is a Killing vector field for the metricĝ = −1 g[∂t,∂t]g andĝ is independent from the t coordinate.
A manifold S × R endowed with a metric of the type (1) will be called standard stationary.
We ask for conditions on S and g ensuring that S is a Cauchy hypersurface. To this end, we will introduce a Finsler metric on S which is related to the null geodesics in M .
We recall that a Finsler metric on a manifold S is a non-negative function F defined on T S which is continuous on T S, C ∞ on T S \ 0, vanishing only on the zero section, fiberwise positively homogeneous of degree one, i. e. F (x, λy) = λF (x, y), for all x ∈ S, y ∈ T x S and λ > 0, and which has fiberwise strictly convex square i.e. 
∂y i ∂y j (x, y) is a positively defined matrix for any (x, y) ∈ T S \ 0. Since F is only positive homogeneous of degree 1, the length of a piecewise smooth curve
a F (γ,γ)ds depends on the orientation of the curve. As a consequence, the distance between two points p, q ∈ S, dist(p, q) = inf γ∈C(p,q) L(γ), where C(p, q) is the set of all piecewise smooth curves γ : [a, b] → S with γ(a) = p and γ(b) = q, is asymmetric. Thus two non equivalent notions of completeness make sense (see [ 
and (S, F ) is forward complete (resp. backward complete) if all forward (resp. backward) Cauchy sequences are convergent.
By the Kovner's Fermat principle [5] (see also [8, Theorem 1] ), future pointing null geodesics (x, τ ) in S × R, endowed with the metric (1), are (up to orientation preserving reparameterization) all and only the curves having x component which is a critical point of the functional
and τ component
while for past pointing null geodesics x is a critical point of
and τ is given by
The integrand in (2) and minus the integrand in (4) define two Finsler metrics F + and F − on S. Notice that F − can be obtained from F + reversing the sign of ω. Moreover backward completeness of F + corresponds to forward completeness of F − and forward to backward. The properties of the Finsler metric F + , in relation to the causality and the geodesics of a standard stationary spacetime, have been investigated in [3] , where F + has been called Fermat metric.
Definition 1.3. Given a conformally stationary spacetime (M, g) with complete flow and endowed with a spacelike section S, we will say that the Finsler metrics F + and F − associated to (S × R,ĝ) are the Fermat metrics on S.
The following theorem generalizes a result about standard static spacetimes to stationary ones. We recall that a standard static spacetime is a stationary one with ω = 0. The result states that if (S, g 0 ) is complete then the slices S × {t} are Cauchy hypersurfaces [2, Theorem 3.67] . Observe that in the static case, the metrics F + and F − reduce to the Riemannian metric g 0 . Theorem 1.4. Let (M, g) be a conformally stationary spacetime with complete flow. Then a smooth spacelike hypersurface S is a Cauchy hypersurface if and only if S is a spacelike section and the Fermat metric F + (or equivalently F − ) on S is forward and backward complete.
Proof. If S is a smooth spacelike Cauchy hypersurface, then it must be a spacelike section because the integral curves of K are timelike. Then the first implication is concluded directly from [3, Theorem 4.7 (2)].
Assume now that (M, g) admits a spacelike section S. By Proposition 1.1, (M, g) is diffeomorphic to S × R. We equip S × R with the metric f * g. Since conformal changes of the metric preserve causality we can assume that the metric f * g is given byĝ in (1). In particular, if we prove that the slice S ×{0} is a Cauchy hypersurface for (S × R,ĝ) then S is a Cauchy hypersurface for (M, g).
Let α : (a, b) ⊂ R → M be a smooth future pointing timelike curve in S × R and let us denote by (β, t) its components in S and R. Since α is future pointing (i. e. g[α, ∂ t ] < 0), its component t is a strictly increasing function. Hence S × {0} is an achronal subset of S × R, that is, there is no future pointing timelike curve connecting any two points of S × {0}. Then, by Proposition 5.14 in [7] , it is enough to show that any inextendible null geodesic γ : (a, b) → S×R meets S×{0} once. Let us assume that γ is future pointing (the proof in the past pointing case is analogous) and let (x, τ ) be its components. As above τ is a strictly increasing function and therefore γ cannot meet S ×{0} more than once. We know that x has to be a critical point of the functional L + in (2) , that is, a geodesic for the Fermat metric F + and hence a regular curve, otherwise it would be a constant curve (actually a flow line of the vector field ∂ t ). Thus we can reparametrize the curve x in such a way that F + (x,ẋ) = 1. Let (c, d) be the new interval of parametrization for γ. If (c, d) is a finite interval then, since F + is backward and forward complete, x is extendible. , where h and ω are, respectively, a Riemannian metric and a 1-form on N , with ω x < 1 for all x ∈ N . One may consider the spacetime N × R endowed with the Lorentzian metric
Clearly (N × R, g) is standard stationary with g 0 = h − ω ⊗ ω (observe that g 0 is positive definite since the norm of ω with respect to h is strictly less than 1). It is easy to check that the Fermat metric F + associated to (5) and to each slice N × {t} is the Randers metric F . Therefore if N × {t} is a Cauchy hypersurface then (N, F ) is both forward and backward complete.
About the completeness of the Fermat metric associated to a globally hyperbolic conformally stationary spacetime
In this section we want to examine the relation between the Fermat metric of a spacelike section in a conformally stationary spacetime with complete flow and the property of global hyperbolicity. In [3, Theorem 4.7 (2)] it is shown that if the Fermat metric is forward or backward complete, then the spacetime is globally hyperbolic. The inverse is in general not true (as we will show below with a counterexample) that is, the Fermat metric on a spacelike section in a globally hyperbolic conformally stationary spacetime with complete flow is not necessarily complete at least in one direction.
By Theorem 1.4, it is easy to give examples of globally hyperbolic standard stationary spacetimes where the metrics F + and F − are not contemporarily forward and backward complete. For instance, consider in the Minkowski spacetime one branch S of the hyperboloid t 2 = x 2 + y 2 + z 2 + a 2 , a ∈ R \ {0}. Clearly S is a smooth spacelike hypersurface which intersects once any flow line of the timelike Killing vector field ∂ t . Therefore Minkowski spacetime, which is globally hyperbolic, can be viewed as a standard stationary spacetime S × R. Since S is not a Cauchy surface (for example, any branch of the hyperbola x 2 = t 2 + a 2 does not meet S), by Theorem 1.4 , the metrics F + and F − cannot be both forward and backward complete.
Anyway, we will provide a more explicit example of a globally hyperbolic spacetime, whose Fermat metric can be easily computed and the failure of backward and forward completeness directly shown. By slight modifications (see the definition of ω in (10) and (11) below), at once we will get also an example of a Fermat metric which is forward and not backward complete and another which is backward and not forward complete (while the spacetime is still globally hyperbolic). The examples are inspired by one about the non equivalence of forward and backward completeness for non-reversible Finsler metrics [1, §12.6].
Consider on the manifold (−2, 2) × R 2 the 1-form ω given by ω = df ,
The norm of ω, with respect to the Riemannian metric 1 −
We can smooth f on a neighborhood of 0 in such a way that df (x) remains strictly less than 1; nevertheless, as the computations below involve ω only at a metric level, we will assume for simplicity that f is defined as above on the whole interval (−2, 2) observing when required, how to proceed with the modified funcion.
Since ω x < 1, also the tensor
defines a Riemannian metric on (−2, 2) × R 2 , while the tensor
gives a standard stationary Lorentzian metric on the manifold (−2, 2) × R 2 × R. The Fermat metric F + on the spacelike hypersurface (−2, 2) × R 2 × {0} is
Now consider the two dimensional Lorentzian manifold (−2, 2)×R endowed with the metric
Its future pointing null geodesics, parametrized with respect to the x variable, satisfy the equation
Integrating the equation on the interval (−2, 0), we get
while on the interval (0, 2) we get
Past pointing null geodesics satisfy the equation
and on the intervals (−2, 0) and (0, 2), we get respectively t 2 (x) = c − 2 log(2 + x) + log(4 + x 2 ), t 2 (x) = c + 2 log(2 − x) − log(4 + x 2 ).
As it can be seen from Figure 1 , where the null geodesics emanating from a couple of events p and q are drawn, the spacetime has a Cauchy curve m. It is enough to find a decreasing function m satisfying lim x→−2 m(x) = +∞, lim x→2 m(x) = −∞ and (a) lim
d dx (t 2 − m)(x) < 0 for every x ∈ (−2, 2). From these properties it follows that m meets exactly once t 1 and t 2 in (−2, 2). We can choose for example
We observe that we can choose a modified f close enough to the initial one as to satisfy condition (c).
Taking into account that smooth future (resp. past) pointing causal curves, parametrized with respect to the x variable, are supersolutions (resp. subsolutions) of (8) (resp. (9)), by a similar argument, we get that any smooth causal curve intersects m exactly once.
Hence, from [6, Lemma 14 .33], the spacetime (−2, 2) × R 2 × R, endowed with the metric (6), has a Cauchy hypersurface as well and therefore it is globally hyperbolic. Nevertheless no spacelike hypersurface of the type (−2, 2) × R 2 × {t} is a Cauchy surface and the metrics F + on such surfaces are neither forward nor backward complete. Indeed consider the segment {(x, y, z, t) | − 2 < x < 2, y = 0, z = 0, t =t}, oriented according to the increasing x direction. Its Finslerian length is equal to Since the segment connects the boundary x = −2 to x = 2 and has finite Finslerian length, the hypersurface fails to be complete both in backward and forward directions.
Defining
or respectively
for all x ∈ (−2, 2), the above spacetime gives also an example of a globally hyperbolic standard stationary Lorentzian manifold such that the slices S × {t} are not Cauchy surfaces and the Fermat metric F + is only forward complete, resp. backward complete.
